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Contraction is indeed a beautiful relationship
between the functions and their representations,
not just an expression. Bonsall as well as
Nadlerhave investigated the structure of fixed
points of contraction mapping. These authors
consider a sequence {T.} of maps defined on a
metric space (X, d) into itself and study the
convergence of the sequence of fixed points for
uniform or pointwise convergence of {Ts}, under
contraction assumptions of the maps. In this
chapter we are going to introduce the concept of
sequencially weak contraction using sequence of
functions which are uniformly convergent to a
continuous function. The concept of weak
contraction is already given by Dutta et. al. In this
chapter, we present proof of three main theorems.
In first theorem, we prove a fixed-point theorem
for sequence of functions, which generalizes the
result of Beg and Abbas

The object of second and third theorem is to prove
common fixed point theorem for pair of
sequencially weak compatible mappings, which
extends the well-known tesult of Moradi and

We shall require the following definitions before
the statement of our theorem.

Definition 2.1 Let (X, d) is a metric space. A
mapping T: X — X is called contraction if there
exists a real number o with 0 < a < 1 such that
2.1)  d(Tx, Ty) Sad(x,y), foralx,y € X, x #
y.

Definition 2.2 A mapping T : X — X, where (X,
d) is a metric space, is said to be weakly contractive
if

(22)  d(Tx,Ty) =d(x,y) - @(d(x, ),

where x, y € X and ¢ : [0, ®©) — [0, ) is a
continuous and non-decreasing function such that
@(t) = 0if and only if t = 0.

If we put @(t) = kt where 0 <k <1, then equation
(2.2) reduces to Banach contraction principle.
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Definition 2.3 A mapping T :X—X, where (X,
d) is a metric space, is said to be sequencially
weakly contraction if

(2.3) d(Tx, Ty) = dx, ) - fu(dE, v)), (where f;:
I-R, Iis subset of R)

where x, y € X and fi(t) is a sequence of function
which converges uniformly to t, and non-
decreasing function such that f,(t) = 0 if and only
if t=0.

If we put fi(t) = kt where 0 <k <landt=1,
then equation (2.3) reduces to Banach contraction
principle.

Definition 2.4 Two self-mappings f and g of a
metric space (X, d) are said to be weakly
commuting if

24 d(fgx, gfx) < d(gx, fx) for all x in X.
Further, Jungck introduced more generalized
commutativity, so called compatibility, which is
more general than that of weak commutativity.
Definition 2.5 Two self-mappings f and g of a
metric space (X, d) are said to be compatible if
(2.5) rlli_r)lc}od(fgxn,gfxn) =0

whenever {x,} is a sequence in X such
that lim fx, = lim gx,=t for some tin X.

n—-oo n—-oo
Definition 2.6 Let Sand T be self-mapping of
a non-empty set X . The mapping T and S are
weakly compatible if
(2.6)  TSx = STX whenever TX = SX.

Theorem 2.7 Let T be a self mapping on a
complete metric space (X, d) satistying (2.3) ie.,
d(Tx, Ty) = d(x,y) - fa(d(x,y)), (where fu: 1 —
R, L is subset of R.)

where x, y € X and fi(t) is a sequence of function
which converges uniformly to t, and non-
decreasing function such that f,(t) = 0 if and only
if t = 0, then T has a unique fixed point.

Proof. From equation (2.3), we have
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d(Tx, Ty) = d(x,y) - BdGy) = (- &) dexy)
Since  fu(t) is a sequence of function which
converges uniformly to t and hence
(I - £)(t) uniformly converges to O .
Using Banach Contraction Principle, we have a
unique fixed point.
Theorem 2.8 Let (X, d) be a complete metric
space and T be self-maps of X satistying (2.3) and
the following :
(2.7) T is continuous and
(2.8) TEn1) = xn,n=1
Then T has a unique fixed point x € X.
Proof. Consider the sequence {xa.}given by x, =
T(Xn1) ,n 21
First we prove that {x,}is a cauchy’s sequence in
X.
for m < n, we use the triangle inequality and note
that,
2.9)  dxm, Xn) = dXm, Xm+1) T dXm+1, Xm+2) +
d(Xm+2, Xm+3) .......... + d(Xn,1, Xn)
Using equations (2.8) and (2.3), we have
d(xp, xp+1) = d(T (xp1), T(xp))

= d(Xp1,xp) - fa (d(Xp1, Xp))

= (- ) d(xp1, xp)
for any positive integer p =1,using the inequality
repeatedly ,we obtain
d@pxp+1) = (- £0))d(xp1,%p)

S (- £0)*d(xp2,%p-1)

< ((I - fn))P d(X(),X1)
Hence,
(2.10)  d(xp, xp+1) = ((I - fo))p d(x0,x1)
Using equation (2.9) in (2.10), we have
d(Xm,Xn) < dEmXm#1) t  dXmt1,Xmiz)

dXm+2,Xm+3) Foveernneiiiinn. + d(Xn-1,Xn)
S (@ - fo)m dxex) + (@ - fo)™* " d(xoxi)
R U + ([ - fo))* d(x0,x1)

= (A - ) A (T Emrt A o £ (@ - £)))
d(x0,x1))

S (@ A+ (- B+ o+ (- E)
+.o.. ) d(Xo,X1)

= (@ B (E)dCau)
Since fu(t) is a sequence of function which
converges uniformly to t and hence
(I - £,)(t) uniformly converges to O .
Hence, {xa} is a cauchy sequence in metric space.
Since, given metric space is complete, this
sequence has a limit, say x which belongs to metric
space. It follows that

X = limT(XM)

n—oo

=T (limx,1) [T is continuous|
n—oo
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=T
And thus, x is a fixed point of T.
Uniqueness:
Let x and z both are fixed points of T, we have
dx, z) = d(Tx, Tz) = (I - f,) d(x, 2) [using

equation (2.3)]

e, d(x,z) — 0, as fu(t) is a sequence of function
which converges uniformly to t.

we must have, x = z.

Theorem 2.9 Let (X, d) be a metric space and let
T : X — X be a mapping such that,

211 dImx,Toy) =dxy) -fh [dExy) VX, v
€X

for some m = 1, where fu(t) is a sequence of
function which converges uniformly to t and non-
decreasing function such that f,(t) = 0 if and only

if t = 0, then T has a unique fixed point.
Proof. Using theorem 2.8, T™ has a unique fixed

point.
Thus, z = Tm(z)
Implies that,

(212) T() = T(To(@) = T (T(2)
Thus T(z) is a fixed point of T .
Hence, by uniqueness of such fixed points z =
T(2).
And thus, z is a fixed point of T.
Example 2.10 Consider the space, X = {x € R | X
> 1} with metric,
dx,y) = |x-y| Vxy€EXand T:X > Xis
given by T(x) = x + %
Then an easy computation shows that
_xy-1 _ 1
(T, Ty) === |x—y| = [x—y| -

|x-v]

2 2
':T(x)=x +1‘ T(y):y +1

2 2 2 2
d(Tx,Ty)=|x +1_y +1|=|xy+y xy X

X y xy

|w@—w—@—w|

xy
[ -yl
xy

d(rx, Ty) < | x-y| =dex,y)

on other hand there A fy(t) is a sequence of
function which converges uniformly to t such that,
dIT), T(y) =dxy) -fo dxy) Vx,y€X

and one may verify that T has no fixed pointin X.
The following theorem is the generalized result
of Beg et. al. [39] using sequence of function as:
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Theorem 2.11 Let (X, d) be a complete metric
space and let T : X — X be a self-mapping
satisfying the inequality

(2.13)  Pd(Tx, Ty)) < P(d(x, y)) - fa(d(x, )
(fz:I (interval or subset of R) = R) where fu(t) is a
monotonically non-decreasing sequence  of
function which converges uniformly to P (t).
Where Y :[0,00) >
[0, 0)is continuous and monotonically  non-
decreasing and continuous function. Then T has a
unique fixed point.

Proof. For any xo € X,we construct a sequence
{xa} by,

Xn= Txp1,n=1234.......

substituting x = Xn1and y = X, in equation (2.13),
we obtain

214 PR xo+1)) < YAEn1, X0) — fa(d o1,
Xa )

Which implies,

(2.15)  d(Xn, Xo+1) < d(Xa-1, Xn) (using monotonic
property of 1§ -function)

it follows that the sequence {d(Xa, Xa+1)} is
monotonically decreasing and consequently there
exist + = 0 such that

(216)  d(xn, Xat+1) — 1t as n— ©

letting n — 0 in equation (2.14), we obtain
@17) Yo <P -Ye

since, rlli_r)lgofn(r) =Y

Which is a contradiction unless r = 0 ,since P(r) =
0. Hence

(218) dXn,Xn+t1) =0 as n— ©

we next prove that {x,} is a cauchy sequence.

If possible let {xa} is not cauchy sequence then
there exist ¢ > 0 for which we can find
subsequence {Xm@} and {xa@} of {xa} with n(k)
> m(k) > k such that

(2.19)  dEmmXaw) = €

further corresponding to m(k), we can choose n(k)
in such a way that it is a smallest integer with n(k)
> m(k) and satisfying equation (2.19), then

(2.20) d(Xm(k),Xn(k)»l) <e

then we have,

221) e =dEmmXew) = dEXm@Xnw-1) + d&Xag-
1Xng)) < &+ d(Xnw-1Xaw)

letting k — % and using equation (2.18), we have
(2.22) ’l(i_r}god(xm<k),xn(k)) <e

again,

(2.23) d(Xa@9-1,Xm(-1)
d(XnXm) T d(Xm()Xm(o)-1)
letting k — 0 in the above inequalities and using
equations (2.18) and (2.22), we get

S dXaw-1Xew)
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(2.24)
Setting X = Xmgo-1 and y = Xng-1 in equation (2.13)
and using equation (2.19), we obtain

(2.25) P (&) < Y(d&xme » X)) [since

TXn-l = Xn]

lim d(xago-1.xmg9-1) =

< P(dEm@-1, Xaw-1) - fo(dXma-1,
Xn(k)-1))
letting k — % in the above inequalities and using
equations (2.22) and (2.24), we obtain
226)  P(e) < (o) - fufe)
Which is a contradiction if & > 0.
Since fu(t) converges uniformly to P (€).
This shows that {x.} is a cauchy sequence and
hence is convergent in the complete metric space
X.
(2.27)  Let X, — z (say)asn —
Substituting x = x,.1and y = z in equation (2.13),
we obtain
228 YdxeT2) < P(dxni) - F[dx2)
[since TXn1 = Xa]
letting n — 0, using equation (2.27) and
continuity of ¥ and continuity of f, at infinity we
have

¥ [dzT2) <P (0) - lim {£.0)}
<P O)-¥©)
=0

Which implies, (d (z, Tz)) = 0
(2.29) e, d(zTz) =0

ot
(230) z=T=z
To prove uniqueness of fixed point, let z; and z>
are two fixed points of T.
Putting x = z; and y = 2z in equation (2.13), we
have
PY(A(T21, Tz2)) < P(d(21, 22)) — fa(d (21, 22)
orp(d(z, 22)) = Y@, 2) - fuld@, 2)
[using equation (2.30)]
(231) Pd(z1, 22) =0
Since fu(t) converges uniformly to Y (t). Hence
(2.32) d(z1,22) =0, 1e,z1= 22
this proves the uniqueness of fixed point.
The following result is the generalized result of
Moradi et. al. [89] on metric space for pair of
sequencially weak compatible mappings.
Theorem 2.12 Let f and g be self mappings on a
metric space (X, d) satisfying the followings:
(233) gXcfX,
(2.34)  gXor tXis complete,

(2.35)  P(d(gxgy) = Pd(fx, fy) - fa(d(fx,fy))

Indexing: SIS,DRIJ,0ASI,IFS1)



http://www.ijpd.co.in/

International Journal of Professional Development
Vol.9, No.2, July-Dec.2020

ISSN: 2277-517X (Print),2279-0659 (Online)

(fa: I (interval or subset of R) — R) forallx,y €
X
where 1 : [0, ) — [0, ) is mappings with 1(0)
=0, fa(t) > 0 also, fu(t) is a uniformally convergent
sequence which converges to ¥ (t) and P(t) > 0
forall t > 0.
Suppose also that either

(2 Y is continuous and

lim f,(t,) =0 or
n—-oo

(b) Yis monotonic non-decreasing
lim t,= 0, if {t.} is bounded and
n—-oo

lim £ () = 0
Then f and g have a unique point of coincidence
in X. Moreover, if f and g are weakly compatible,
then f and g have a unique common fixed point.
Proof. Let xo € X. From equation (2.33), we can
construct sequences {X} and {y»} in X by
Vo = fXor1 =gxo, n=0,1,2,... .
Moreovet, we assume that if y, = ya+1 for some n

limt,= 0, if

n—oo

and

€ N, then there is nothing to prove.

Now, we assume that yn # yn+1 for all n € N.
Substituting X = xXq+1 and y = x5 in equation
(2.35), we have
(2.36)  Y(d(ya+1, yo) = P(d(@xnr1,8%0)

< Y(d(fxn+1, £Xn)) — fa(d(xn+1,x0))
= P(dFn, ya1)) — fa(d(¥nyn1)
fXo+1]
for all n € N and hence, the sequence {Y(d(ya+1,
Va))} is monotonic decreasing and bounded below.
Thus, there exists + = 0 such that lim P(d(ya+1,

n—oo
yw) = 1.
From equation (2.36), we deduce that
237) 0 = fudmyai)
< Y@ ya) - YdFars, yo)-
Letting n —  _in the above inequality, we get
1im £ (A, o) =0,
If (a) holds, then by hypothesis lim d(ys, ya1) = 0.
n—oo
If (b) holds, then from equation (2.37), we have
d(¥n+1, ¥a) < d(¥n, Ya-1), for all n€ N.
Hence {d(yn+1, yo)} is monotonically decreasing
and bounded below sequence.
By hypothesis, lim d(ya, ya-1) = 0.
n—-oo

[using yn =

Therefore, in every case, we conclude that
(2.38) 71i_r)£10d(yn, ya1) = 0.

Now, we claim that {ya} is a cauchy sequence.
Indeed, if it is false, then there exists €> 0 and the
subsequences {ym@} and {yag} of {ya} such that
n(k) is minimal in the sense that n(k) > m(k) > k
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and d(ymq, Vo) = € and by using the triangular
inequality, we obtain
€ = d(Ymgo, V) = d(¥m0, Ymgo-1) T dFimo-1, Yago-1)
+ d(yaw-1, Yaw)

S d@mw, Yme) T d@me
V) + d¥m®, Yato-1) + d(¥a-1, Yaw)
(2.39) < 2d(ymg, ymo-1) + € + d(Vago-1,
Vo) [since n(k) is minimal]
Letting k — 0 in the above inequality and using
equation (2.38), we get
2.40) M (¥, yago) = 1M (A1, yaeo-1)
= e
For all k€ N, from equation (2.35), we have
241 PdEme, yaw) = PG, Yar) —
£a(d(¥imo-1,Yn09-1))
If (a) holds, then
M P dymp-1, yow-)) = HMPAEmw, yow) =

P(e),
Now, from equation (2.41), we conclude that
lim - £a(d(ym1, Yago-1) = 0.

By hypothesis I}im d¥m@-1, Vag1) = 0, a
contradiction.  [using equation (2.40)]
If (b) holds, then from equation (2.41), we have
€ < d(ym@, yaw) < d(ym@-1, yag-1) and so

d(ymw, yaw) — €+ and d(yme-1, yas1) — € as k
—> 00,
Hence Ili_r)glolp(d(yma{)»l, Ya@-1)) = ’}i_l;lgolp(d(Ym(k),
yaw)) = P (EY),
where Y (e7) is the right limit of Y at €.
Therefore, from equation (2.41), we get
Jm £a(d(Yingo-1, Yagy-1)) = 0.
By hypothesis Illm d(ym<k>,1, Yn(k)-1> = O, a
contradiction.
Thus {ya} is a cauchy sequence.

Since X is complete, so there exists a point z €
fX such that lim y, = lim fx,+1 =z

n—-oo n—-oo
Now, we show that z is the common fixed point
of fand g. Since z € X, so there exists a point p €
X such that fp = z.
If (a) holds, then from equation (2.35), for all n €
N, we have
P(d(tp, gp) = lim P(d(gp,gxs))
< lim Y (d(fp, fxn)) — limf, (d(fp,fxa))
n—-oo n—-oo
< limy(d(fp, fxn)).
n—-oco

W(d(tp, gp)) = Hmp(d(tp, fxo)).

Using condition (a) and limy, = z, we get
n—-oo

(2.42)
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Y(d(tp, gp) = ¥(d(z 2)) =P(0) = 0 and so d(gp,
fp) = 0 (note that f; and 1 are non-negative with
£2(0) = Y (0) = 0), which implies that gp = fp = z.
If (b) holds, then from equation (2.35), we have
Y, gp) = limyp(digp.gxs) = limP(d(tp,
fxn) - lim f(d(fp,fxn))

n—oo

(2.43) Ydfp, gp)) =0 (since f, converges
uniformly to )
d(fp, gp) = 0, which implies that fp = gp = z(say).
Now, we show that z = fp = gp is a common fixed
point of f and g. Since fp = gp and f, g are weakly
compatible maps, we have fz = fgp = gfp = gz.
We claim that fz = gz = z.
Let, if possible, gz # z.
If (a) holds, then from equation (2.35), we have
P(d(gz, 2) = P(d(gz, gp)
< P(d(Fz, ) — fuld(Efp)
= ¢(d(gz> Z)) - fﬂ(d(gz’z))
<(d(gz, z)), a contradiction.
If (b) holds, then we have
d(gz, z) < d(gz, z), a contradiction. Hence
(244) gz=z=1z
So z is the common fixed point of f and g.
For the uniqueness, let u be another common
fixed point of f and g, so that fu = gu = u.
We claim that z = u. Let, if possible, z # u.
If (a) holds and n— % then from equation (2.35),
we have
DAz ) =Ygz, gw)
< Y(d(fz, fu)) — fu(d(fz,fuw))
= P(d(z, w) - fu(d(zw)
<Y(d(z, v)), a contradiction.
If (b) holds, then we have
d(z, u) < d(z, u), a contradiction.
Thus, d(z, u) = 0 i.e, we get z = u.
Hence z is the unique common fixed point of f and
g
Now, we prove our result on metric space for pair
of sequencially weak compatible mappings which
generalized the result of Moradi et. al.
Theorem 2.13 Let f and g be self mappings of a
metric space (X, d) satisfying equations (2.33),
(2.34) and the following:
(245 Ylgs, gy) = YN(E, fy) — fN(E,
fy)),(sequentially weak contractive mapping)
where N(fx, fy) = max{d(fx, fy), d(fx, gx), d(fy,

d(fx,gy)+ d(fy.gx)
) . L

for all x,y € X, where f,(t) is a monotonically non-
decreasing sequence of function which converges
uniformly to Y (t)and £,(0) = 0 and fa(t) > 0 for
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all t > 0 and %l_r)glo t,= 0, if {t,} is bounded and
7%1_{{)10 fa(te) = 0 and : [0, ) — [0, %) is a mapping
with P(0) = 0and ¢ (t) > 0 for all £ > 0.
Suppose also that either
(c) Y is continuous
or

(d) ¥ is monotone non-decteasing and for all k >
0, fa(k) > (k) - P(k), where P (k) is the

left limit of Y at k.
Then f and g have a unique point of coincidence
in X. Moreover, if f and g are sequentially weakly
compatible, then f and g have a unique common
fixed point.
Proof. Let xo € X. From equation (2.33), we can
construct sequences {X,} and {ya} in X by
Vo= fXor1 = gxan=0,1,2,....
Moreover, we assume that if ya = ya+1 for some n
€ N, then thete is nothing to prove.
Now, we assume that y, # yn+1 for all n € N.
Putting x = xp+1and y = x, in equation (2.45), we
have
(246)  P(d(yar1, yo)) < YN(m, Y1) = (NG,
Yn1),
where

(2A47)  N(n, yo) = max{ d(yn, ya-1), d(¥a, Ya+1),
d dnyn)+d Vn—1,Yn+1)
(Yn—l, Yn), 2 }

If d(ya, yo-1) < d(¥n, ya+1), then from equation (2.47)

and ya # ya+1, we conclude that

248)  PY(d(yarr, 1) < Yo, yor) — FdT,

yo+1)) <P(A(n, yor1)),

a contradiction.

Thetefore, d(n, ya+1) < d(¥n, Ya-1)-

Hence, the sequence {(d(ya, Vya+1)} is

monotonically decreasing and bounded below.

From equations (2.46) and (2.47), we have

249 Pd(yari, yo) = YA yo1) = fa(d(Fa, Yo

0)-

Therefore, the sequence {WY(d(ya+1, yn) |} is

monotonically decreasing and bounded below.

Thus, there exists t = 0 such that lim Y(d(ya+1, yn))
n—-oo

=r.

From equation (2.49), we have

(2.50) 71i_r)£10fn( (d(¥n, ya-1)) = 0, implies that, T{l_r)rolo
d(ya+1, yn) = 0.

Now, we claim that {y.} is a cauchy sequence.
Indeed, if it is false, then there exists € > 0 and the
subsequences {ym@} and {yag} of {ya} such that
n(k) is minimal in the sense that n(k) > m(k) > k
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and d(Ym), Vaw) = € and by using the triangular
inequality, we obtain
€ = d(ym@, Yaty) = d(¥m9, Ymg-1) T d(¥mgo-1, Yago-1)
+ dFnw-1, yaw)

< d(ym(9, Ymgo-1) T d(¥ma9-1, Ymo)
+ dm@s yag-1) + d(yae-1, Ya)
(2.51) <2 d(ym@, yme-1) + € + d(¥ng-1,
Vak)- [since n(k) is minimal]
Letting k — 0 in the above inequality and using
equation (2.51), we get
252)  lim (d(yme, yow) = M (d(¥m09-1, Yaoo-
1) = E&.
From equation (2.45), for all k € N, we have
2.53)  PAFmw, Yaw) < PN (Ime-1, Yaw-1) —
Es(NGmo-1, Ynto-1)),
where
(2.54)  NFm@-1, Yag-1) = max{ d(yma-1, Yag-1),
d(Ymao-1, Yma),

d(yng-1,

A(Ymm-1 Yn)+ AVnt-1 Ym))
Vo()s }

If equations (2.52) and (2.54) holds, then we
conclude that Illm (N(ym(k).1, Yn<k)»1)) = E&.

If (c) holds, i.e., ¥ is continuous, then

MM YPA(mw, ya) = HMPN -1, yae-1) =
P(e),

and hence from equation (2.53), we conclude that
Jim £ (N1, Ya-1)) = 0.

Since N(¥m)-1, Yag-1) 1s bounded, we conclude that
’lim N mw-1, Yaw-1) = 0, a contradiction.

If (d) holds, i.e.,, P is monotone non-decreasing,
then from equation (2.53), we have

€< d(Ym®, ) < N(ymg9-1, yago-1) for allk € N, and
o)

d(ym@, yaw) — € and N(ym.1, yaag1) = €% as k
—> o0,

Hence, IMY(d(ymw, yow) = HMYPN(mep-1,
Vaw-1)) = P(eT), where P (e*) is the right limit of
P ate.

Therefore, from equation (2.53), we have
lim £,(N(Yimgo-1, Yaty-1)) = 0.
Since {N(Ym@-1, Yn®-1)} is bounded, we conclude
that I}l_l:folo N(ym(k),g yﬂ(k)*l) =0,a contradiction.
Thus {ya} is a cauchy sequence.
Since fX is complete, so there exists a point z € £X
such that lim y, = lim fxq+1 = z.

n—oo n—-oo
Now, we show that z is the common fixed point

of fand g.
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Since z € fX, so there exists a point p € X such
that fp = z.
We claim that fp = gp. Let, if possible, fp # gp.
From equation (2.45), we have
P(d(gp, fp) = lim Y(d(gp, gx))
< lim p(N(fp, i) — lim £(N(F,
n—oo n—oo
fXﬁ))a
= Y(d(tp, gp)) -fa((d(tp, gP)),
since N(fp, fx,) = max{d(fp, fx»), d(fp, gp), d(fxa,

d(fp.gxs)+ d(fxngp )
an), 2 }

Letting limit as n — %, we have

lim N(fp, fx,) = max{d(fp, z), d(fp, gp), d(z, z),

ZE}O;.ZH d(z,gp )}
2
= max{0, d(fp, ¢p), 0, B} =
d(fp, gp)-

If (c) holds, then we have
Y(d(ep, fp)) < Y(d(gp, fp)), a contradiction.
If (d) holds, then we have
d(gp, fp) < d(gp, fp), a contradiction.
Hence, fp = gp = z.
Now we show that z = fp = gp is a common fixed
point of f and g. Since fp = gp and f, g are weakly
compatible maps, we have fz = fgp = gfp = gz.
We claim that fz = gz = z.
Let, if possible gz # z
From equation (2.45), we have
P(d(gz, 2) = Y(d(gz gp)

< PIN(fz, 1p)) — fa((N(f2, )

= P(d(gz 7)) ~fa((d(g2, 2),
Since N(fz, fp) = max {d(fz, fp), d(fz, gz), d(fp, gp),
d(fzgp)+ d(fp,gZ)}

2

= max{d(gz, z), d(gz, gz), d(gp,
d(gz,z)+ d(z,gz )}

= d(gz, 2).
If (c) holds, then we have
Y(d(gz, 2)) <Pd(gz, 2)) , a contradiction.
If (d) holds, then we have
d(gz, z) < d(gz, z) , a contradiction.
Hence gz = z = fz, so z is the common fixed point
of fand g.
For the uniqueness, let u be another common
fixed point of f and g, so that fu = gu = u.
We claim that z = u.
Let, if possible, z # u.
From equation (2.45), we have

P(d(z, w) = P(d(gz, gw)
< Y(N(fz, fu)) £ (N(fz, fu))

gp),
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= Yd(fz, fu)) —fa((d(fz, fu)), since N(fz,
fu) = d(fz, fu).

generalization can be proved. An example has
been quoted to prove the desired result.
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So P(d(gx, gy)) < P(d(fs, fy)) - L(d(E, fy).
From here, we conclude that f, g satisfy the

relation equation (2.35).
1

Also gX = [0, E] c |0, %] = tX, fand g are weakly
compatible and 0 is the unique common fixed
point of fand g.

Conclusion

In this chapter some important theorems have
been successfully proved, taking sequence of
function which is uniformly convergent to a
continuous function. In the above consideration,
using the sequentially convergent mapping we
have proved many generalization of already well
known theorems related to fixed point in a
complete metric space.

It is surprising to see that some other
generalization hold true for the already existing
theorems on common fixed in a complete metric
space and  correspondingly many  other
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